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Figure 6. Plot of supercooling effect (AT = Ti - Ti) against spacer 
length. 

that the mesomorphic order can be locked into the glassy 
state by quenching rapidly from the isotropic phase. Such 
pretransitional order induced by this mechanical shock 
might be one of the contributing factors to this unusual 
effect on making the isotropic to the mesomorphic tran- 
sition. 
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ABSTRACT: The entanglement concept, which is central to the reptation theory, has been reformulated. 
The phenomenological parameter, Ne, introduced by de Gennes and Doi and Edwards, has been replaced 
by a new parameter, N ,  called the coordination number, which can be computed from the conformational 
statistics of many chains, in a melt or concentrated solution. It is argued that, with the appropriat? choice 
of N ,  one can relate this quantity to the mean entanglement spacing according to a simple relation. N ,  which 
is a preaveraged topological parameter, also provides a criterion for the presence of entanglements and describes 
the degree of entanglement in terms of the chain parameters and polymer density. The mean entanglement 
spacing is shown to depend on the degree of polymerization in the region of the transition. The transition 
from entangled to unentangled behavior, which is geometrical in origin, follows from this theory as do several 
well-established scaling laws for melts and concentrated solutions. A generalized Rouse model (GRM), modified 
to incorporate entanglement effects, has been used with this theory to describe polymer dynamics in entangled 
and unentangled melts. The reptation theory results are recovered in the asymptotic long-chain limit. 

1. Introduction 
Recently, the mechanical and transport properties of 

polymer melts and concentrated solutions have been of 
considerable experimental and theoretical interest.l De- 
spite the chemical and structural diversity of linear poly- 
meric systems, most exhibit universal behavior in their 
rheological properties that is depicted in Figure 1. For 
low molecular weight melts, the zero shear viscosity, qo, 
is proportional to the degree of polymerization, N ,  whereas 

for high molecular weights, the zero shear viscosity scales 
as some higher power of N ,  typically N3.4. The transition 
occurs at a degree of polymerization, N,, which varies from 
one polymer t o  the next. It is now well-known that this 
change in the scaling law can be attributed to the forma- 
tion of entanglements amongst chains in the high molec- 
ular weight regime. 

Most theories, for the dynamics in these systems, are 
of the mean field type in that they focus on the motion 
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where R, a N112 is the polymer's radius of gyration. Ex- 
periments on high molecular weight melts are generally 
in agreement with the predictions of the reptation theory 
but yield a slightly higher exponent of 3.4 for the zero shear 
viscosity, which is proportional to 7,. 

In the reptation theory, the phenomenological parame- 
ter, Ne, is assumed to be a property of the entangling 
chains and independent of the total chain length. While 
Ne is central to the tube concept, a direct calculation of 
Ne, for a particular system, has not been accomplished 
because of the difficulty of topologically classifying en- 
tanglements. In practice, Ne is used as an experimental 
fitting parameter using the plateau modulus, GNo 0: l / N e ,  
which is directly related to Ne in the tube model. The 
experimentally determined values of Ne vary from one 
polymer to the next, and attempts have been made to 
correlate this variation to the chain  parameter^.^ 

The dynamics of unentangled polymers are usually de- 
scribed by variations on the traditional Rouse model.6 
Here the polymer is represented by a series of connected 
beads and springs which are allowed to move randomly in 
three dimensions under the action of Langevin forces. In 
the Rouse model, the "springs" obey Gaussian statistics 
and have a spring constant k = 3kBT/ b2, where b is the 
equilibrium spring length. The intermolecular interactions 
are assumed to be dissipative and are represented by a 
monomer friction coefficient, {@ 

The resulting equations of motion for the Rouse model 
can be stlved straightforwardly by constructing the Fourier 
modes, R&),6 

(5) 

where p is an integer p = 1, 2,3,  ..., N ,  Rn(t) is the position 
of bead n, and N is the total number of beads in the chain. 
The relaxation time for the mode with wavenumber p is 

N 

n = l  
R,(t) 21/2CRn(t) COS (.lrpn/N) 

T ( P )  = 3b / [2k ( l -  COS ( ~ P / N ) ) I  (6d 

~ ( p )  0~ [dV2/k.rr2p2 p << N (6b) 
and describes the time scale for the evolution of the section 
of the chain with N l p  beads. 

Once the relaxation times are known, several results can 
be readily obtained from the Rouse model. For example, 
the self-diffusion coefficient and zero frequency shear 
viscosity are6 

'r 

I I 
1 2 3 4 5 

log (degree of polymerization) 

Figure 1. Schematic plot of zero shear rate viscosity, T ~ ,  versus 
degree of polymerization, N ,  for a melt of linear polymers. Low 
molecular weight melts exhibit the qo 0: N scaling law in agreement 
with the Rouse theory for unentangled polymers. High molecular 
weight melts typically exhibit the vo 0: N3+* scaling law where 
6 is usually in the range of -0.4. The change in scaling law is 
due to the high degree of entan lement that exists in these 

rheology of entangled systems but predicts 6 = 0. 

of a single chain in a concentrated environment of other 
chains. The reptation or tube model of de Gennes2 and 
Doi and Edwards3 has been very successful in qualitatively 
describing the dynamics of polymeric melts in the entan- 
gled regime. In the reptation model, a polymer diffuses 
in a dense network of entanglements formed by the sur- 
rounding chains. The model assumes that the entangle- 
ments are sufficiently long-lived so that the diffusional 
motion is essentially one-dimensional in a confining tube. 
The flow properties are then determined by the time re- 
quired for each chain to wriggle out of its confining tube 
into a new configuration. 

In the reptation theory, the detailed conformation of the 
polymer chain is replaced by a connected sequence of freely 
jointed beads or links corresponding to equal-sized seg- 
ments of polymer. The number of skeletal bonds per link 
is equal to the mean spacing between entanglements, Ne. 
The conformation of the polymer segment between the 
entanglement points is assumed to change rapidly com- 
pared to the overall chain conformation, and thus the chain 
can be represented by a coarse grained image of jointed 
beads that evolves along a primitive path, defined by the 
entanglement points. It is in this sense that the polymer 
is thought of as being confined to a tube that is stochas- 
tically created and destroyed at  the ends. 

The tube renewal time can then be computed by as- 
suming that the mobility of the chain in the tube is in- 
versely proportional to the number of chain segments N 

where po is the mobility per tube segment. The diffusion 
constant for the curvilinear motion of the polymer in the 
tube is given by the usual Einstein relation 

(2) 
The tube renewal time, T,, then follows according to 

(3) 
where L 0: N is the length of the tube. The self-diffusion 
coefficient can be obtained by similar arguments 

systems. The reptation theory2* f qualitatively describes the 

k u b e  = ( 1 )  

Dtube = kubekBT a N-' 

T,  = L2/Dtube 0: N 3  

respectively, where c is the concentration. 
Recently, several new theoretical and computational 

approaches to polymer dynamics have been developed. 
Hess,7 for example, starts with a Fokker-Planck equation 
for the phase space distribution function for all polymer 
segments and invokes a projection operator to derive a 
formal expression for the diffusion coefficient similar to 
the Green-Kubo f~rmulae .~ .~  The formalism incorporates 
scaling theory results, which lack numerical coefficients, 
and consequently Hess invokes a phenomenological en- 
tanglement parameter, N,. Kolinski et al.'O have employed 
dynamic Monte Carlo methods to study the nature of 
dense melt dynamics and reported no evidence for a tube 
or reptational motion. Their results however do not 
eliminate reptation as the dominant mechanism at  higher 
densities and for very long chains. 

In this paper, we introduce a reformulation of the tube 
ansatz. The phenomenological parameter, Ne, is replaced 
by a new parameter, N ,  called the coordination number, 
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whose value is determined from the statistical properties 
o,f many chains in a melt or solution. In the present theory, 
N is a geometrical property of the entangling chains and 
is related to Ne and N,, the critical chain length for the 
presence of long-lived entanglements. The value of Ne that 
we predict is not independent of the total chain length but 
becomes independent as the chains become longer. It also 
depends on chain properties such as the characteristic ratio 
and the monomer composition as well as the polymer melt 
density. 

For polymer melts and concentrated ideal solutions, the 
dynamics in the entangled state can then be described by 
a suitable projection of the Rouse equations onto a tube 
axis. The tube axis is defined as a Fourier smoothened 
image of the chain which evolves according to a generalized 
Rouse model (GRM) that is modified to incorporate the 
influence of entanglements. 

In section 2, we present our model for entanglements 
in dense polymer systems and discuss various scaling 
predictions of the theory. In section 3 we review the basic 
elements of the GRM and discuss its application to poly- 
mer melts. In section 4, we apply our model of entan- 
glements and the GRM to compute the relaxation spec- 
trum for entangled and unentangled polymer systems and 
discuss the viscosity and diffusion coefficients. 

2. Entanglement Theory 
In this section, we propose a quantitative description of 

entanglements, or more simply lateral constraints, that is 
based on a static mean field description of the environment 
surrounding a test chain. Our system of interest consists 
of a melt of Gaussian monodisperse chains with degree of 
polymerization N,  bond length 1, and bond number density 
pm. The characteristic ratio, C,, of the chains is taken to 
be unity, and we will simply quote results for systems with 
C ,  # 1. We will use the terms monomer and bond in- 
terchangebly for this system. For the remainder of this 
article, we will use the symbol N and the term degree of 
polymerization to refer to the number of skeletal bonds 
in a polymer chain. The bond length, I ,  is then the ap- 
propriate average bond length. 

Focusing on one chain, hereafter called the test chain, 
we inscribe a subsection of the chain in a sphere with 
diameter De = Ne'f21, i.e., the mean distance spanned by 
the Ne bonds (see Figure 2). For the moment, Ne will be 
some arbitrary number less than N. In a high-density 
system, several other polymers will thread through this 
sphere and may be involved in forming entanglements with 
the test chain segment or may restrict the lateral degrees 
of freedom of the chain. With the help of Figure 2, we can 
see that the probability of this situation occurring is not 
independent of chain lengths. For example, if we rescale 
all polymer lengths according to N - N / 2  by simply 
cutting all polymers a t  their midpoints (Figure 2 lower 
panel), some of our scissions will occur within the test 
sphere. The new polymer ends produced by this cutting 
will lessen the probability of having entanglements or 
lateral constraints within the original sphere and increase 
the mean spacing between entanglements accordingly. 

We can quantify these arguments as follows. Let N(m) 
be the mean number of other polymer segments with ex- 
actly m bonds within the test sphere. By mean number, 
we refer to an average over all possible conformations of 
the surrounding chains. Ascribing a volume P to each 
bond, we can relate the volume of the sphere, V,, to N(m)  
by using 

(9) 
N 

m = l  
+Ve = 13(N, + C N ( m ) m )  
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Figure 2. Schematic illustration of the entangled state. The 
heavy solid line represents a portion of the test chain. In each 
picture, the entangling chains are represented by solid loops 
surrounding the test chain and enclosed in spheres with diameter 
-Ne1&. The upper and lower portions of the figure illustrate 
the effect of polymer length on the spacing between entangle- 
ments. In our podel, a lateral constraint is related to the number 
of polymers, N (coordination number), threading through the 
sphere and surrounding a segment of the test chain. In the upper 
figure, the test chain is divided into six blobs, as defined by the 
6N constraining chains. In the lower figure, where the surrounding 
chains are shorter, the blob volume is enlarged to enclose the same 
number of constraining chains per blob. The dotted lines in the 
f i i e  represent tail segments, which are ineffective in constraining 
the diffusional motion of the chain in our model. The lower figure 
shows proportionally more tail segments enclosed in the spheres. 

where V, = rN:I2l3/6 and 6 here is the polymer volume 
fraction. The first term on the right-hand side of eq 9 is 
due to the test segment and the second term is due to all 
other segments threading through the volume. For more 
general polymers, that is with bond correlations, side 
groups, etc., the volume, V,, should be replaced with V, 
= C,3f2N,3f213/6, where C ,  is the characteristic ratio of the 
polymer. We will simply absorb the value of C ,  into r$ by 
defining 4 to be 4 = pmCm3f213 = pC,3/213/pm, where p is 
the mass density of the melt and pm is the monomer mass 
per skeletal bond. 

N(m)  is a statistical quantity and can be readily com- 
puted by Monte Carlo methods. Several scaling properties 
of the distribution N(m) can, however, be established from 
geometrical arguments. For example, for small m, N(m)  
should increase with the surface area of the test volume. 
This represents polymers with only a few beads in the 
volume, and hence they must appear at the surface of the 
sphere. This property is demonstrated in Figure 3, where 
N(m) is calculated from random flights ( C ,  = 1) generated 
in spheres with diameter De = 41 and 81. While N(m)  is 
largest for small m, the small m values make a negligible 
contribution to the sum in eq 9. The product N(m)m, 
plotted in Figure 4 versus m, shows a broad maximum 
centered near 0,212 with a long tail to the right of the 
maximum. Most of the weight in CN(m)m is derived from 
the lengths m around 0,212. 

The statistical distribution of polymer segments can be 
further classified into two contributions 

(10) 
where the two terms represent segments with tails and 

N(m)  = N ~ l , ( m )  + NnOn*(m) 
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Figure 3. Polymer segment length distribution functions for 
random flights ( N  = 500) grown in spherical volumes with di- 
ameter D = 41 and 81. N(m) is the mean number of segments with 
exactly m beads in the volume. The statistics were generated by 
fist picking and labeling a reference bead from 1 to N at random. 
This bead was thenmndomly placed in the spherical volume, and 
polymer conformations were grown randomly in both directions 
(Le., toward bead 1 and bead N )  until either the random walk 
left the spherical volume or the end of the polymer was reached. 
The figures were generated by averaging the results of 5 X lo6 
such walks. 

m 

0 0 . 20 40 60 80 100 

m 

Figure 4. Data from Figure 4 replotted as N(m)m versus m. This 
statistic represents the distribution of polymer mass found in the 
spherical volume. The curves show a broad maximum centered 
at m N D2/2, which indicates that the majority of the spherical 
volume is, on the average, made up of segments of polymer whose 
length is of the same order as the dimensions of the sphere. These 
data confirm our physical interpretation of the coordination 
number, N ,  as discussed in section 2. 

without tails and having exactly m bonds in the volume. 
With the previous definitions, we can rewrite eq 9 as 

where we have introduced a new parameter, fi, which we 
call the coordination number defined as 

N 

m = l  
= NC1 C Nnonhils(m)m (12) 

The coordination number can be ascribed the following 
physical interpretation. If all segments, excluding tails, 
that threa? through the test volume have the mean length 
Ne, then N is the number of such segmentsjn the volume. 
In this case, we would have Nnonu(m) =, N6,,. In gen- 
eral, however, there are contributions to N from all lengths 
up to N. Figure 5 illustrates that the nontail segments with 
lengths m << Ne and m >>-Ne make a negligible contribu- 
tion to the summation in N and the sum is mostly derived 
from those lengths which are of the order of Ne, We are 

0 50 100 150 200 250 300 350 400 

m 

Figure 5. Polymer segment length distributions for random 
flights grown in a spherical volume with diameter D = 161. N(m) 
is the mean number of nontail segments with exactly m beads 
in the volume. The statistics were generated in the same manner 
as in Figure 3. This figure represents the Statistics for walks that 
did not terminate in the sphere. The figure was generated by 
averaging the results of 5 X lo6 walks. 

therefore justified in considering fi as a measure of the 
number of nontail polymer segments that thread through 
the sphere and have length of order N,. 

The tail contribution of eq 11 can be computed as fol- 
lows. First, we notice that the tail segments are uniformly 
distributed in the volume. Strictly speaking, we should 
refer to one end of the polymer as the tail and the other 
end as the head, and then the tail segments and head 
segments are separately uniformly distributed, while the 
separation of the head and tail of a single polymer chain 
is Gaussianly distributed. The total number of heads and 
tails (hereafter referred to as tails) is 

number of tails = 2pmVe/N (13) 
The average tail length, (tail), is therefore 

N N 

m = l  m = l  
(tail) = C N,,(m)m/ C N,,(m) (14a) 

(tail) = C N,ii,(m)m/(2~mVe/N) (14b) 

Since the tail segments are uniformly distributed, apart 
from the Gaussian correlations between the head and tail 
of a single chain, we have the approximate relation 

(tail) = Ne/2  (15) 
and therefore 

N 

m = l  

N 

m = l  
C Nhib(m)m zz pmVeNe/N (16) 

In Figure 6, we plot the distribution of tail lengths, derived 
from Monte Carlo simulations, to demonstrate that the 
average tail length is independent of the total chain length 
in agreement with eq 15. 

The average tail length was extracted from the Monte 
Carlo simulations and is plotted versus the sphere radius 
in Figure 7. The scaling relation with radius was found 
to be (tail) - 1.8R1.8 which corresponds to (tail) - 
N,"9/ 1.9 and compares well with the approximate relation 
in eq 15. The approximation in eq 16 becomes exact in 
the large N / N e  limit. 

Combining eq 14 and 16, we can rearrange eq 11 to write 
R + 1 = T C $ N ~ / ~ ( ~ -  Ne/N)/6 (17) 

which relates the coordination number, R, to the dimen- 
sions of the sphere, the parameter 4, and the total chain 
length. 
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Figure 6. Length statistics for the tail segments. See Figure 5 
for details of simulation. 
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Figure 7. Average tail length versus “blob” radius. The data 
were extracted from random fight simulations for a fiied polymer 
length of N = 1000. The best fit line to the data was (tail) = 
1.8R1.8, which compares well to the scaling prediction (tail) = 2R2. 

Equation 17 applies to a melt or ideal solution of mon- 
odisperse polymer. The preceding analysis can be gen- 
eralized to polydisperse systems as well. Assuming that 
we have a distribution of polymer lengths in the system, 
we then obtain 

A + 1 = m$Ne112(1 - Ne/N, , ) /6  (184  

A + 1 = m$Ne112(1 - N 3 / N w ) / 6  (18b) 
where Nn is the number-averaged degree of polymerization, 
N, is the weight-averaged degree of polymerization, and 
P = Nw/Nn is the standard measure of polydispersity. For 
a two-component blend of chains with length N l  and N2 
and volume fractions $1 and 42, respectively, eq 18 becomes 

Up to the present, Ne has been an arbitrary length less 
than N .  We now make an ansatz connecting Ne with the 
mean spacing between entangle-ments or lateral con- 
straints, by imposing a value for N .  We will choose N so 
that, on the average, this number of neighboring nontail 
segments will conjtrain the lateral motion of the test 
segment. These N segments can either be geometrical 
constraints or complicated knot-like entities, but their 
precise nature need not be specified. Once N is specified, 
then Ne can be computed, as a function of N ,  from eq 17 
and interpretej in terms of the mean spacing between 
constraints. N is a preaveraged topological parameter 
whose value is expected to be universal and derivable from 
computer simulations. Specific chain parameters enter 
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I I 

lim Ne = [ 6 ( R  + 1)/7r4I2 (20) 
N-- 

Substituting in the definition of 4, we obtain 

lim Ne = [ 6 ( A  + l ) ~ ~ / ? r p C , ~ / ~ P ] ~  ( 2 1 )  
N-- 

which relates Ne to the various chain parameters and the 
mass density of polymer. 

For any finite value of N ,  it follows from eq 17 that Ne 
is larger than the asymptotic limit. In Figure 8 we plot 
values of Ne versus N ,  for a monodisperse syptem, for 
several choices of the coordination parameter Nand  6 = 
1. Each curve terminates a critical chain length, N,, below 
which _the number of neighboring nontail segments is less 
than N .  All the curves in Figure 8 show a fairly rapid 
variation of Ne with N just above their respective values 
of N,. For larger N ,  Ne shows a much weaker N depen- 
dence and the curves approach their respective asymptotic 
values of Ne(m) given by eq 20. This behavior is contrasted 
with the Doi-Edwards and de Gennes theories where Ne 
is taken to be a constant with respect to total chain length, 
N .  

Figure 8 also applies to a polydisperse system with the 
substitution of Nn for N .  Here again, the value of Ne varies 
considerably over a range of more than 1 decade of values 
of Nn. Figure 8 can also be applied to a system with 
constant polydispersity index P, with the substitution of 
Nw/P for N .  If, however, the polydispersity index varies 
with N,, as is the case in most experimental situations, the 
range over which Ne varies with Nw will be affected. For 
example, if P increases slowly with N,, e.g., P a NWo.l, then 
a plot of Ne versus Nw will show a variation of Ne over 
approximately 2 decades of Nw values. This situation is 
depicted in Figure 9. Note here that the range of variation 
of Ne depends on which measure of chain length is used 
to describe the polymer. This will have important con- 
sequences as discussed in a later section. For the re- 
mainder of this article, we will refer to N ,  as the num- 
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Figure 9. Mean spacing between entanglements, Ne, versus 
degree of polymerization for a polydisperse system using two 
common measures of mean chain length with N = 5 and 4 = 1. 
For this figure ye have varied the polydispersity index, P, ac- 
cording to P a NWo.'. The curve of Ne plotted versus N ,  shoy 
a wider range of variation than the corresponding plot versus N,. 

ber-averaged critical chain length. The weight-averaged 
critical chain length is then given by N,, = PN,. 

Physically, the critical behavior of Ne can be understood 
again with the help of Figure 2. We have already argued 
that Ne should increase as the chains are shortened. As 
the chain lengths approach the critical chain length, the 
following situation takes place. As we enlarge the spherical 
volumes to incorporate more nontail segments, in order 
to compensate for the new tail segments that chain cutting 
has produced, some nontail segments will have their tails 
enclosed by the expanded spheres. This in turn will re- 
quire a further enlargement of the spherical volume. This 
thought experiment rapidly leads one to the situation 
where the process becomes self defeating; Le., the spheres 
that enclose the complete test chain contain fewer than 
N nontail segments of other polymers, resulting in a geo- 
metrical transition. 

The transition region can be analyzed as follows. Con- 
sider the function f (N,Ne,N)  defined by 

DEGREE OF POLYMERIZATION 

TC$ f (8 ,Ne,N) = 8 + 1 - - N e / N )  ( 2 2 )  

For every value of 8 and N ,  the corresponding value of 
Ne is the one that satisfies 

f(R,Ne,N) = 0 (23)  
In Figure 10 we plot f (8 ,Ne,N) as a function of Ne, for 

several values of N and a fixed value of N = 4.0 and C$ = 
1. Each curve has a minimum and either zero, one, or two 
intersections with the f = 0 axis. The curve with no in- 
tersections corresponds to a value of N < N,; i.e., there are 
no physical solutions. The curve with one intersection is 
a t  N = N,. The curve with two intersections is for a value 
of N > N,. In this situation, we choose the lower value 
of the two roots, in order that we approach the asymptotic 
value in a continuous fashion. To determine the value of 
N,, we find the value of Ne that simultaneously is a zero 
of eq 22 and gives a minimum value. Differentiating eq 
22 with respect to Ne, we find the minimum is a t  

N ,  = 3Ne(N,) ( 2 4 )  
Substituting Ne = N c / 3  into eq 22 ,  we then find 

40 - 

30 - 
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Ne x lo -*  
Figure 10. Plots of f(fi,NJ = fi + 1 ; r$Ne1I2(1 - N e / N ) / 6  
versus Ne for a given choice of N with N = 4 and $ = 1. Each 
curve has a minimum and either zero, one, or two intersections 
with the f = 0 axis. The curve with no intersections corresponds 
to N = 300 which is below N ,  (N,  = 616 for N = 4 ) .  The curve 
with one intersection corresponds to N = N,. The curve with two 
intersections corresponds to N = 1500, which is well above N,. 
In this situation, we choose the lower value of the two roots in 
order that we approach the asymptotic value (N,(m) = 91) con- 
tinuously. 

which relates the value of N, to Ne in the infinite molecular 
weight limit and consequently to the chain parameters and 
is a new result. 

The sharpness of the transition predicted from eq 17 is 
partly an artifact of our mean field description of the test 
segment used in eq 9. The test segment with Ne bonds 
was assumed to span a distance of N,'121, which is the mean 
distance spanned by the Ne bonds. Since Ne is typically 
of the order of lo2-lo3, length fluctuations may play an 
important role in altering the description of the chain near 
the transiti0n.l' Length fluctuations have not been in- 
cluded here in order to retain the simple analytical form 
of eq 17. However, several of our results are derived in 
the infinite chain limit and are therefore not affected by 
this omission. 

Despite the approximations we have made, the rela- 
tionship predicted between N ,  and Ne, N J N ,  = 6.75, is 
in good agreement with experimentally12 determined ratios 
of N J N ,  i= 7 from steady-state compliance measurements 
but not in particularly good agreement with determinations 
of N J N ,  i= 2-3 (although some polymers, such as the 
methacrylates,12 yield higher values of about 6 )  from vis- 
cosity data. Graessley has discussed the limitations of 
determining N ,  from viscosity data.12 The main difficulty, 
apart from the molecular weight and viscosity determi- 
nation and the accuracy of interpolation, stems from a need 
to correct the viscosities to a constant temperature at a 
constant segmental friction factor. 

Equation 26 makes specific predictions on how N ,  will 
change with the various chain parameters. For example, 
for a fixed skeletal bond length I ,  N ,  varies according to 

N ,  a pm2/Cm3 (27) 
which agrees with the empirical correlations determined 
by Priva1k0.l~ Aharoni4 has statistically inferred correla- 
tions of the form N ,  a Cm2 which appear very different 
from eq 26, but the two scaling predictions are not entirely 
inconsistent. For example, for a series of similar polymers 
where one systematically increases the size of a side group 
on the chain and therefore increases C,, Aharoni's corre- 
lations predict that N ,  will increase accordingly. Equation 
26 will also predict an increase in N ,  provided that pm2 
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Figure 11. Relative density of entanglements versus degree of 
pplymerization for various values of the coordination number 
N. Each curve exhibits a discontinuity at N, = 36(fi  + 1 ) 2 / ( ~ ~ ) 2 T  
Below N,, the mean number of constraining polymers is less than 
Nand the behavior of the test chain is described by classical Rouse 
dynamics. Polydispersity and length fluctuation can smoothen 
the transition. 

increases more rapidly than Cm3, which is often the case. 
Anomalous points in Aharoni’s scatter plots, such as 
polymeric sulfur (N,  - 3000, C ,  = 1.76) and cellulose 
acetate (N,  - 32, C, = 23.4), can be explained by eq 26. 

Strong supporting evidence for the geometrical nature 
of the transition can be found in experimental diffusion 
and viscosity data,12 where the onset of entangled behavior 
occurs a t  a length N,, whose value is independent of tem- 
perature in agreement with eq 26. Equation 20 leads to 
a scaling law prediction for the plateau modulus, GNO, in 
concentrated ideal solutions of the form 

G N o  a p/Ne 43.0 (28) 
which is not in especially good agreement with the ob- 
served scaling exponents of 2.0-2.3.12 The discrepency 
probably stems from assuming that the polymer confor- 
mations are Gaussian on the length scale of entanglements. 
The analysis that follows, for good solvents, leads to an 
exponent of 2.25, which is in better agreement with the 
observed exponents. 

The values of Ne can be used to calculate the density 
of entanglements pe 3 pm/Ne. i n  Figure 11, we plot p e  
versus N for several values of N and with 4 = 1. The 
density of entanglements exhibits a sharp first-order 
transition at  N,. 

The discussions thus far have focused on polymer melts 
and concentrated ideal solutions. The same approach can 
be applied to polymers in good solvents. In a good sol- 
vent,I4 the mean blob diameter enclosing Ne segments of 
the polymer is proportional to N,9/5. Equation 17 then 
becomes 

(29) 
where C, is a certain numerical factor. Analyzing this 
equation in the same fashion as eq 22 we find in the large 
N limit that Ne approaches a constant value 

R + 1 = C14N,4/‘(1- N e / N )  

lim Ne = [(R+ 1)/C,4]6/4 (304 

lim Ne a 4-5/4 (Sob) 

and the lower critical value for entanglements occurs when 
N is 

N-- 

N-- 
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which is fundamentally different from eq 25 for ideal 
solvents. Equation 30, therefore, predicts that the plateau 
modulus for polymer in good solvents scales with the 
polymer density according to G N o  0: 42.26. 

Equation 29 also predicted that the concentration 
threshold $* for the presence of entanglements, for a chain 
length N ,  scales according to 

4* 0: N-415 (32) 

which is the same scaling law as the overlap threshold 
predicted by de Gennes.14 In fact, our “blob” analysis can 
be used to dttermine the overlap threshold by chosing a 
low value of N to correspond to an overlap criterion rather 
than an entanglement criterion. 

Equation 17 provides a method for computing Ne as a 
function of N and for specifying a value of N,. While our 
procedure utilizes a static description of the polymer 
configurations, eound a test chain, the connection we have 
made between N and Ne implicitly contains assumptions 
about the dynamics. For example, we have _excluded 
neighboring tail segments in the calculation of N. While 
a tail segment may be involved in forming an entanglement 
with our test chain, it is not expected to be a long-lived 
entanglement as compared to a nontail segment. The 
range of N values, for which Ne varies, is the same as the 
range in which the constraint release processm is believed 
to contribute to deviations from the reptation theory. 
Although we have not included a constraint release 
mechanism in this section, our theory of entanglements 
leads to a similar “dilation” of the tube for entangled chains 
with N just above N,. 

It is interesting to note that eq 17 predicts that, under 
the simulation conditions selected by Kolinski et al.,l0 4 
= 0.5 and N = 800, the system is a t  best weakly entangled 
if not unentangled. This may account for the absence of 
a “tube” image in their Monte Carlo data. 

3. Dynamical Theory 
The influence of lateral constraints on polymer dynam- 

ics, in a melt or concentrated ideal solution, can be in- 
vestigated with the GRM developed originally for semi- 
dilute polymer solutionsl6 and applied more recently to 
polymer melt~.’~J’ A similar approach has been used re- 
cently to describe rubber elasticity.18 

Like the original Rouse model,5 the GRM provides a 
three-dimensional Fourier analysis of the random diffu- 
sional motion of the polymer chain in terms of a bead 
spring friction coefficient. In the GRM, the relaxation time 
corresponding to the Fourier mode p is given by 

.(p) = [~(p)82(p)C(P)N2121/[3?r2kgTP21 (33) 

8%) = ( l w 1 2 ) / ( I w 1 2 ) o  (34) 

C(p) = ( I W J ) I ~ ) O / N ~ ~  (35) 

where i i2(p) is the square of the strain ratio, 

C(p) is a generalized characteristic ratio, 

&I) is a wavenumber-dependent friction coefficient which 
will include hydrodynamic interactions, and 1 is the length 
of the atomic bond vectors. The averages in eq 34 and 35 
are interpreted as follows: ( ) represents an average over 
the real chain configuration and ( )o represents an average 
over the unperturbed Gaussian configuration. Equation 
33 reduces to the usual Rouse relaxation times in the small 
p limit where C(p) N C(0) CN = (R2)o/N12 = C, and 
R is the end-to-end vector. For simplicity, we will consider 
a system where C@) = 1. 
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Figure 12. Two-dimensional polymer conformation (N = 500) 
generated by a random flight (C, = 1). The smooth curve rep- 
resents the “tube” axis discussed in the text. The local tangent 
to the tube axis defines the direction along which unconstrained 
(longitudinal) diffusion can occur. This curve was generated with 
the Fourier smoothening method, discussed in section 3, using 
p = 5, thus averaging each bond vector over 100 neighboring bond 
vectors. The transverse directions, at each point along the curve, 
are those that are normal to the local tangent. 

It is now well-known from the pioneering work of Florylg 
that, both in the 8 state and in the melt, polymer con- 
formations are unperturbed and hence Z2(p) = 1. For 
entangled polymers, Z2(p) = 1 also holds, but the evolution 
of the polymers conformation must be anisotropic in ac- 
cordance with the physical constraints imposed by the 
surrounding polymers. To see this more clearly, consider 
the polymer chain depicted in Figure 2. In order to dis- 
place the chain through a finite distance roughly along the 
contour of the chain conformation, one will encounter a 
certain amount of frictional resistance due to the presence 
and contacts with other chains. A similar displacement 
perpendicular to the chain axis will meet with even greater 
resistance, if the magnitude of the displacement exceeds 
the spacing between entanglements. Therefore, the 
presence of entanglements destroys the three-dimensional 
isotropy of a polymer’s diffusional motion and yields 
nonequivalent longitudinal and transverse modes of 
motion. We can therefore represent the effect of entan- 
glements in our model by defining wavevector-dependent 
longitudinal and transverse friction coefficients, {*(p) and 
{&I), respectively, whose properties are discussed below. 

In order to give a formal definition to the longitudinal 
and transverse directions, we define a “tube” axis with a 
set of vectors f(n), given by the truncated Fourier series 

(36) 
P 

p=l 
f(n) = CF(p) sin (.rrpn/N) 

where p is some integer in the range p = 1,2,3, ..., N. The 
effect of the cutoff, p ,  in the previous equation, is to 
compute a weighted average over N / p  beads around bead 
n. In Figure 12 we plot a two-dimensional polymer con- 
formation with 500 Rouse bonds, generated from a random 
flight, and a Fourier smoothened image of the chain using 
p = 5. The Fourier smoothened image represents essen- 
tially the same overall conformation of the chain but lacks 
the small-scale detailed structure of the chain. The tube 
axis definition above is fundamentally different from the 
primitive path of Doi and Edwards3 which is defined by 
the topological constraints imposed by the neighboring 

chains. A tube with diameter (N/p)li2Z drawn along the 
tube axis will, however, contain the Doi-Edwards primitive 
path. 

While the tube axis is a Fourier smoothened image of 
a static conformation, if N / p  is chosen to be the mean 
spacing between entanglements, Ne, then one can argue 
that a tube drawn along this axis can also be interpreted 
as a short-time-averaged or blurred image of the chain. We 
therefore connect the preceding analysis for Ne with the 
dynamics by choosing p = N / N e .  

We now decompose the Langevin equation for each 
Rouse bond into longitudinal and transverse motions by 
projecting each bond along the tube axis. The longitudinal 
components of the bond vectors are therefore 

X(n) = r(n)=f(n)/(f(n)-f(n)) (37) 

where the denominator, which is a normalization factor, 
is 

(f(n)-P(n)) = (4 /N2)C C C C (r(n?-r(n’?) x 
P P N N  

k=l [=I n’=1 n’kl  
sin (.rrkn’/N) sin ( ~ k n / N )  sin (rZn’’/N) X 

sin (.rrZn/N) (38a) 

(f(n)-f(n)) = (2Z2/N) [sin ( ~ k n / N ) ] ~  (38b) 
P 

k=O 

(f(n)*f(n)) = Z2/Ne - 
(Z2/N)[sin (2~n/Ne)/(2 tan (.rrn/N)) - sin2 ( ~ n / N e ) ]  

(38d 
We have used the statistical independence of Rouse bonds 

(r(n’)*r(n’’)) = Z26nt,nff (39) 

to arrive at  eq 38. Apart from the Rouse bonds near the 
chain ends, eq 38c can be written, to a good approximation, 
as 

(P(n)*f(n)) x Z2/Ne (40) 
Next we define a set of longitudinal or tube Fourier 

(41) 

The relaxation times of these tube modes, or equivalently 
the polymer longitudinal diffusional modes, are now given 
by 

where ( x2(p) ) /NZ2 is the square of the strain ratio com- 
puted along the tube axis and is given by 
(x2(p)) = (8NeZ2/N2) X 

modes, x(p), as 
N 

n=l 
X(p) = 2lI2C ~ ( n )  sin (.rrpn/N) 

7,(P) = ( X2(P) )N3;@)1/ [3~2k~77~21 (42) 

N N P N N P  
C C C C C C(r(n).r(n’)r(m).r(m’)> x 
sin (.rrkn’/N) sin (.rrkn/N) sin (rZm’/N) X 

n=O nkO k=O m=O mf=O [=O 

sin (?rZm/N) sin (?rpn/N) sin (.rrpm/N) (43) 

The four-point correlation function (r(n)*r(n’)r(m)+ 
(m’)) can be factorized, without approximation, as follows: 

n = n’, m = m’ I 1‘‘ 
14/3 
14/3 

n = m, n‘ = m’ ( n  # n’) 
n = m’, m = n’ ( n  # m) 

(r (n) -r (n’ )r (m)*r(m’) )  = 

otherwise 
(44) 

Substituting this into the expression for (x2(p)), we then 
obtain 
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(x'k)) = (812Ne/N2) X 

( a k n / N )  sin ( a p n / N )  + 1' 
N P  

n i l  k = l  
(412Ne/3N) C Csin' ( a k n / N )  sin' ( a p n / N )  + 

N N P P  

n=1 m=l  k = l  I=1 
(812Ne/3N2)C C C C(sin ( a k n / N )  X 

sin ( a k m / N )  sin ( a l n / N )  sin ( a l m / N )  X 
sin ( a p n / N )  sin ( a p m / N ) )  - 

(16Z2Ne/W) C [sin ( a k n / N )  X 

sin (7rln/N) sin (apn/N)] '  = Tl + T2 + T3 + T4 (45) 

where the fourth term corrects for overcounting the terms 
with n = n' = m,= m'in the second and third terms. The 
evaluation of (A2@)) can be simplified by ordering the 
various terms according to their scaling relation with re- 
spect to the chain length, N ,  and the wavenumber cutoff, 
p .  The result. of such a classification is 

T l  - O@)O(N') 

T2 - O W )  
7'3 - O W )  

T4 - O@)O(N) 

Since the value of p / N  is bounded between the values of 
0 and 1, to leading order in N (i.e., to order N'), we have 

(x2@)) Tl = 

N P P  

n = l  k = l  I=1 

N I S  

(812Ne/N2)[  2 Csin' ( a k n / N )  sin ( a p n / N ) ] '  (46) 
n=l  k = l  

which to order N ' is well approximated by 

For small odd values of p ,  the previous equation yields the 
scaling law 

(A2@))  a N2/(P2Ne) (48) 
The longitudinal mode relaxation times are then com- 

puted by substituting eq 47 into eq 42: 

2 1 2 { i @ ) N / ( 3 ~ 2 p 2 N & ~ T )  Cot2 ( T P / ~ )  odd p 
even p 

(49a) 

7103) a ( Jib)N 3/ p4Ne) (49b) 

The transverse relaxation terms can be obtained in a 
similar fashion. For wavenumbers p 1 p ,  the diffusional 
motion is not hindered by entanglements, and therefore 
for motions on these length scales, we have 

dP) = { () 

T t ( P )  = [~t@)N212]/[3P2kgTP2] P 1 p (50) 
For wavenumbers p < p ,  the transverse translational 

diffusion of the test chain is hindered by the entangling 
chains. In the framework of the Rouse theory, the inter- 
actions with other chains is purely frictional, since there 
is no elastic restoring force associated with inter-chain 
interactions, and we will represent the effect of hindered 
lateral diffusion by 

si@) = k P = 1, 2, .*., N 
p = p ,  p + 1, ..., N 
p = 1, 2, ..., p - 1 UP) = ( 2  
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The effect of a very large, or in the present model infinite, 
transverse friction coefficient is to retard the lateral dif- 
fusion over length scales larger than the mean spacing 
between entanglements. With the present model for rt(p), 
we can apply eq 50 for all p .  Additional nonreptative 
processes, such as the release of constraints,20 can lead to 
transverse diffusion for p < p .  These effects can be in- 
cluded in this model by modifying eq 51. 

4. Relaxation Spectrum 
We now combine the results of sections 2 and 3 to 

compute the relaxation spectrum for melts of linear 
polymers as a function of the degree of polymerization. Of 
particular interest is the longest relaxation time, T* ,  which 
determines the long time behavior of the melt. These 
relaxation times determine many of the rheological and 
transport properties of the melt, which are the subject of 
a future article.21 

In section 3,  we have shown that there is a fundamental 
difference between the three-dimensional isotropic diffu- 
sion in an unentangled melt ( N  < N,) and the quasi-one- 
dimensional motion that occurs in an entangled melt ( N  
1 N,) .  Section 2 provides a prescription for computing 
N,, as well as Ne, for polymer lengths N 1 N,. The-value 
of N ,  is essentially determined by one parameter, N ,  and 
one characteristic property of the melt, 6, which contains 
information on the density of the melt, the monomer 
composition, and the characteristic ratio. 

The relaxation spectrum in the unentangled regime is 
given by 

~ ( p )  = [&N212]/[3a2kgTp2] N I N ,  ( 5 2 )  

For lengths N > N,, we have according to eq 49 and 51 

N 2 N ,  

P S P  

N 1 N,  
P ' P  

(53) 

( 5 4 )  

[212{&] / [3?r2Ne(N)p2kBT] Cot2 ( T p / 2 N )  

I T O ~ ~ N ~ I / [ ~ T ~ ~ B T P ~ ]  
7b) = 

where N e ( N )  is given by the solution of 
fi + 1 = ac$N,'/'(N)(l - N e ( N ) / N ) / 6  

The first part of eq 53 describes the diffusional relaxa- 
tion over length scales longer than the mean spacing be- 
tween entanglements that must occur along the curvilinear 
coordinate of the tube axis defined in section 3. The 
second part of eq 53 describes diffusional relaxation over 
shorter length scales, which can be either transverse or 
iongitudinal with respect to the tube axis. 

The form of the relaxation spectrum that we predict for 
the entangled regime is fundamentally different than the 
de Gennes' and Doi-Edwards3 theories where 

(55) 

Apart from a numerical factor of 8/3a2, the major dif- 
ference between eq 53 and eq 55 is an additional factor of 
p 2  in the denominator of eq 53. The two theories do 
however give the same expression for the zero frequency 
shear viscosity, vor apart from a factor of 113. From the 
reptation theory6 we have 

(56) 
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For the GRM, J/GRM(t) is6 

gDRM(t) = e-f/TGRM(P) (59) 
p=1,2,3,etc. 

and therefore 

qOGRM a 7103) =(1/3horeP (60) 

The even values of p are excluded from the summation 
above, making use of eq 49. 

The longest relaxation times are therefore given by 

p=1,3,5,etc. 

and are plotted as a function of N for several values of 
in Figure 13. The most striking feature of this plot is the 
sharp discontinuity in T* at  the transition point, N,. The 
discontinuity is partly a consequence of the mean field 
description of the chain used in section 2 and, in particular, 
the absence of length fluctuations. The discontinuity here 
is smaller, by a factor of about 3.7, than the discontinuity 
between the reptation and Rouse theories a t  N,. 

The plot of 7* versus N ,  for N k N,, deviates from the 
usual reptation scaling law, 7* 0: N 3, through the small N 
dependence of N,(N) .  This N dependence disappears in 
the long polymer limit but yields an effective scaling law 
of the form 

7* a N3+.I(N) (62) 
for N just above N,, with the coefficient y ( N )  varying from 
a value of about 1 /2  for N k N,  and tending to zero for 
larger N .  The effective scaling expone_nt, y ( N ) ,  is plotted 
versus degree of polymerization for N = 5 and 4 = 1 in 
Figure 14. This plot shows that the value of y ( N )  and 
the range over which y ( N )  varies can be influenced by 
polymer polydispersity if the polydispersity index is de- 
pendent on N,. The principal result here is that the chain 
length dependence of 7* is not of the simple algebraic form 
derived in the reptation theory2l3 but may be expressed in 
that form over a range of values of chain length. 

It is interesting to note that in reptation-like theories, 
the self-diffusion coefficient and zero shear vis~osity'~ 
depend differently on the parameter Ne: 

30 a N3/Ne2 (63) 

Dsex 0: N e / N 2  (64) 
Consequently, the deviations from their respective power 
laws, D,,x a N-(2+y) and qo a N(3+8),  are related in the 
present theory by 6 = 27. This result is consistent with 
diffusion experiments where the exponent y is usually in 
the range of 0.2.22-26 In mutual diffusion studies, where 
a tracer species diffuses in a fixed high molecular weight 
matrix, the parameter Ne is constant. Consequently, no 
deviations from DmUt a N-2 are predicted, which is also 
consistent with recent experiments.22 

5. Summary and Conclusions 
The purpose of this paper is twofold. First, we have 

presented a new description of entanglements in dense 
polymer systems by making an ansatz connecting lateral 
constraints with the presence of a certain number of 
neighboring noniail segments. This theory introduces a 
new parameter, N ,  in the discussion of the entangled state, 
which replaces the phenomenological parameter, Ne, in the 
original reptation t h e ~ r y . ~ ~ ~  Our approach yields predic- 
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Figure 13. Longest relaxation time versus number-averaged 
degree of polymerization for several values of N .  For N below 
each curve's respective value of N,  = 35(fi + 1)2/(a4)2, the re- 
laxation dynamics are isotropic in three dimensions and 7* a N 2  
according to the Rouse theory. Above N,, the relaxation times 
approach the reptation theory results with T* a N3. The transition 
region is characterized by deviations from the reptation theory 
and can be affected by polydispersity as discussed in the text. 

0 
lo3 lo4 loJ 

Figure 14. Scaling correction r ( N )  for the relaxation times, T 

a N3+YW), versus degree of polymerization using two common 
measures of mean chain length. This calculation includes the 
polydispersity effects used in Figure 9. The scaling correction 
S(N) for the zero frequency shear viscosity, vo a WacN), is 6(N) 
= 2y(N) .  The figure illustrates that the range over which S(N) 
varies is influenced by polydispersity. Length fluctuations are 
also expected to broaden this range. 

tiom for the values of Ne and N,, as a function of various 
chain parameters, polydispersity, and concentration, for 
both melts and concentrated solutions. 

Second, we have outlined a prescription for applying a 
Rouse description of polymer dynamics to the entangled 
state. A tube axis was defined by Fourier smoothening the 
polymer conformation using a smoothing length scale de- 
termined by the mean entanglement spacing. The dy- 
namics of the Fourier smoothened image, which correspond 
to the dynamics of the polymer's collective modes, was 
then calculated by imposing a wavenumber-dependent 
friction coefficient to account for entanglement effects. 
The principle result here was the relaxation spectrum for 
the polymer conformation as a function of degree of po- 
lymerization. 

For polymer lengths N < N,, our theory corresponds to 
the original Rouse theory. For very long polymers, our 
predictions for the relaxation spectrum are different from 
the reptation theory. Our predictions for the zero shear 
viscosity, however, agree with the reptation theory. For 
intermediate polymer lengths, N 2 N,, the relaxation 

DEGREE OF POLYMERIZATION 
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spectrum predicted deviates from the reptation theory 
results, yielding an effective scaling exponent, with N ,  
larger than 3. Our theory predicts that the deviations from 
the N 3  power law for the viscosity and the deviations from 
the N - 2  power law for the self-diffusion coefficient are 
related but are not of the same magnitude. These devia- 
tions were shown to be sensitive to polydispersity. 

Several issues still remain to be addressed. We have 
conjectured that the entangled state of pplymers can be 
described by a dimensionless parameter N which may be 
uniyersal. We have not however indicated what the value 
of N is, a p q t  from a plausible range of values (3-6). The 
search for N may be approached from several fronts in- 
cluding computer simulations, topological theories, and an 
analysis of the vast amount of experimental data. One 
critical issue still outstanding is the long-chain limit. Our 
description of entanglements predicts that the reptation 
theory results are valid in this limit. This point has not 
however been clarified in the experimental literature. The 
theory that we have presented is a first level or mean field 
theory, and we expect that improvement, such as the ad- 
dition of fluctuation phenomena and clarification of the 
relationship between this theory and the constraint release 
mechanism, should yield more insight into this problem. 
We will address some of these issues in a future article.21 
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Note Added in Proof. The analysis of entanglement 
scaling for polymers in semidilute solution, in section 2, 
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is somewhat flawed. The results, however, are qualitatively 
correct and a more careful derivation will be published in 
a future article. 
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